
Advances	in	Operation	Research	and	Production	Management	Vol.5	Issue	2 EWA	Publishing
Available	Online:	4	August	2026 DOI:	10.54254/3029-0880/2026.35799

The fundamental role of generating functions for
generalized binomial coefficients in combinatorics

Jinyang Liu

Dundee International Institute, Central South University, Changsha, China

3421858986@qq.com

Abstract. The generating function method is an important counting technique in combinatorics. Starting from
the generalized binomial theorem, this paper derives the generating function expressions for seven common
sequences and establishes a unified theoretical framework for generating functions of generalized binomial
coefficients. It is proved that these special sequences can all be regarded as special cases or corollaries within
this framework, thereby revealing the intrinsic logical connections among different generating functions.
Furthermore, we introduce a new concept, termed the "genealogy of generating functions," which integrates
isolated generating functions of sequences into a coherent theoretical system. By applying this method, we
prove two classes of summation identities, demonstrating that this approach can effectively simplify
combinatorial proof procedures.
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1. Introduction
Generating functions can be regarded as a key tool in combinatorics, as they convert discrete counting
problems into continuous algebraic operations. Moreover, the power of this transformation is manifested in the
following aspects:

Analyzing recurrence relations. Many combinatorial sequences, such as the Fibonacci numbers and the
Catalan numbers, satisfy recurrence relations. By introducing generating functions, these recurrences can be
converted into algebraic equations involving the generating functions—this is a crucial step in the method.
After solving these equations, we perform series expansions to obtain closed‑form formulas. Taking the
Fibonacci sequence as an example,

(1)

(2)

Expanding this rational function gives the well‑known explicit formula (Binet's formula) for the Fibonacci
numbers.

After solving and expanding the generating function, we obtain the closed‑form formula for the Fibonacci
sequence. This method avoids the need for intricate inductive reasoning and exhibits a systematic and

an = an−1 + an−2.

F(x) = xF(x) + x2F(x) + xF(x) = x
1−x−x2 .
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procedural nature. The generating function approach is effective in solving recurrence relations. Problems that
originally relied on clever inductive reasoning and complex derivations can be transformed into standard
algebraic operations, thereby circumventing cumbersome reasoning steps and, in principle, reducing
computational complexity. This method is applicable not only to linear recurrences but also extends to
nonlinear cases and recurrences with variable coefficients. Indeed, it is expected to become an important tool
in the field of combinatorics.

Proof of identities is a key method in combinatorics. Many identities appear quite intricate and cannot be
derived directly. For example, the classical Vandermonde convolution formula has deep number-theoretic
foundations, and Euler's pentagonal theorem [1] also falls into this category. We can employ generating
functions to prove these results. Taking the Vandermonde convolution as an illustration, the standard
generating-function procedure is as follows: one constructs the generating functions for the left-hand and
right-hand sides of the identity separately, expands these functions, and compares the coefficients, thereby
establishing the proof. In proving Euler's pentagonal theorem, Ferrers diagrams help us establish precise
bijective mappings between integer partitions, and by combining combinatorial interpretations with the
corresponding generating function expressions, a systematic derivation is achieved. The core strategy is to
view both sides of a combinatorial identity as coefficients of certain generating functions, and then to exploit
the properties of these functions, such as their closed-form expressions. The generating function method offers
significant advantages: it transforms the bijective construction of combinatorial objects into algebraic
operations, thereby avoiding the complexity inherent in traditional combinatorial proofs that require
constructing intricate one-to-one correspondences. This approach not only simplifies the proof process but also
enables the simultaneous handling of multiple mathematical identities. Notably, it can also reveal the
underlying unity among different mathematical theories.

Asymptotic analysis: Partition numbers and Bell numbers grow rapidly. For such combinatorial sequences,
we can derive asymptotic formulas by analyzing the singularities of their generating functions; by studying the
analytic properties of these functions, we obtain information about the growth order and fluctuation patterns of
the sequences. Generating functions find broad applications in asymptotic analysis. By examining the types
and locations of singularities, we can characterize the growth rates and periodic behaviors of combinatorial
sequences, thereby facilitating the understanding of their long-term regularities. For instance, by analyzing the
modular forms of the partition generating function, one can not only derive asymptotic expressions for
partition numbers but also reveal their intrinsic connections with modular functions. This serves as a typical
example of the interdisciplinary research between analytic number theory and combinatorics, where we can
clearly observe the close interrelationship between the methodologies of these two fields.

Unified treatment of multiple summations: In this paper, we investigate two classes of summation identities
that fully demonstrate the applicability of generating functions in solving multiple summation problems. It is
worth noting that when summation expressions are converted into coefficients of generating functions and
algebraic operations are performed on these functions, cumbersome summation computations can in principle
be avoided, and closed-form solutions can be obtained directly. The generating function method is capable of
handling various types of summations. In particular, when faced with complex expressions involving nested
summations, this method can reformulate them as products or compositions of generating functions, which in
principle reduces computational complexity. Moreover, this method also exhibits significant advantages in
computational time complexity. In algorithm analysis, iterative loops can be transformed into closed-form
formulas, and these results have been shown to serve as references for algorithmic optimization, thereby
avoiding complex iterative procedures in computation.
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The binomial theorem has a long history dating back thousands of years. Eastern and Western civilizations
developed this mathematical concept independently while also engaging in mutual exchanges, which drove its
continued progress. The rules of binomial coefficients were discovered and successively refined by
mathematicians from various cultural backgrounds. In 1665, Isaac Newton extended the exponent of the
binomial theorem from positive integers to rational numbers and negative numbers, thereby establishing the
generalized binomial theorem. Newton studied areas under curves and derived infinite series expansions for
binomial expressions with rational exponents; his results were communicated with Leibniz through
correspondence. This theorem provided a fundamental tool for the development of calculus and served as an
important bridge connecting classical combinatorics and modern analysis. Later, Euler gave a proof for the
real exponent case, and Cauchy extended the result to complex exponents, thus completing the theoretical
system in modern mathematics.

(3)

where   is an arbitrary complex number, and the generalized binomial coefficient is defined as

(4)

The generalized binomial theorem extends the classical binomial theorem by allowing the exponent to
range over arbitrary real or complex numbers rather than just nonnegative integers, and thus serves as a bridge
among combinatorics, analysis, and number theory. In this paper, we employ the generalized binomial
theorem, and our main contributions are as follows:

Theoretical unification. For many important sequences, such as constants, natural numbers, and squares,
their generating functions can all be derived via the generalized binomial theorem, thereby incorporating them
into a unified mathematical framework. This theorem converts generating functions into closed forms from
which the coefficients can be determined, providing a unified derivation method for various types of
sequences under the generalized binomial framework. Our results fully demonstrate this theoretical
unification.

Broad applicability. The method can be applied to the negative binomial distribution in probability theory,
as well as to Bose–Einstein statistics in statistical physics; it also covers Newton interpolation in numerical
analysis.

Generalizability. The generalized binomial theorem can be extended to q‑binomial coefficients and
hypergeometric functions, among others. This establishes a comprehensive theoretical framework, and these
generalizations have significant applications in emerging fields such as quantum groups, representation theory,
and combinatorial number theory.

Innovation of our approach. In standard textbooks [2], the common generating functions are usually treated
in isolation, and it is difficult to perceive the connections among them. In this paper, based on the generalized
binomial theorem, we derive the generating functions for seven common sequences using the generating
function method, and present them as special cases or corollaries of the generalized binomial theorem from a
unified perspective, thereby revealing their intrinsic relationships and integrating them into the framework of
the generalized binomial theorem.

Furthermore, we apply the generating function method to prove two classes of complex summation
identities. This demonstrates that the method is capable of handling a variety of combinatorial objects in
analysis, including rising factorials, power functions, and Stirling numbers of the second kind.

(1 + x)r = ∑∞
k=0( )xk.
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2. Literature review
Generating functions are a key tool in combinatorics and have given rise to a rich body of literature
encompassing both theoretical developments and practical applications. Existing research in this field can be
broadly categorized into three directions: historical evolution, theoretical extensions, and interdisciplinary
applications.

In the historical literature, Euler's Introductio in Analysin Infinitorum [2] is regarded as a pioneering work
that systematically applied the generating function method to number theory. His product formula for the
partition function remains a cornerstone of partition theory and has exerted a profound influence.
Laplace's Théorie Analytique des Probabilités [3] established a research framework for probability generating
functions, which, through moment-generating functions, set up a correspondence between probability
distributions and analytic functions, thereby providing an algebraic tool for the study of stochastic processes.
MacMahon's Combinatorial Analysis [3] synthesized the scattered results of the 19th century and constructed
a systematic application of generating functions to combinatorial enumeration; his formula for the generating
function of plane partitions is a classic theorem in enumerative combinatorics.

In the field of combinatorics, Graham, Knuth, and Patashnik's Concrete Mathematics [4] proposed standard
methods for solving recurrences and performing summation transformations using generating functions, and
their compiled "generating function dictionary" has become an essential tool in algorithm analysis. In the
realm of q-series theory, Gasper and Rahman's Basic Hypergeometric Series [5] extended the concept of
generating functions to the q-analog setting and established connections with modular forms and number
theory. In the area of mechanical proof, Petkovšek, Wilf, and Zeilberger's   [6] introduced a novel
computer-assisted proof method: by employing generating-function-based hypergeometric term recognition
algorithms, it enables the automatic verification of identities, thereby promoting the development of automated
proof validation.

Applied studies have demonstrated that generating functions are widely used across multiple disciplines. In
theoretical computer science, Wilf's  generating functionology [7] explores their applications in algorithm
complexity analysis—these functions play a crucial role in the average-case analysis of recursive algorithms.
In mathematical physics, the generating function method has become a standard tool for Feynman diagram
calculations in quantum field theory, converting infinite series summations into functional equations and
providing a robust computational framework for particle interaction models. More recently, biological studies
have employed generating functions to analyze allele frequency distributions in population genetics and to
address topological enumeration problems in phylogenetic trees. The method thus holds broad application
prospects in the life sciences as well.

Several limitations remain in the current research landscape: a unified theoretical framework for generating
functions of generalized binomial coefficients has yet to be fully developed; most existing studies are confined
to isolated case analyses of specific types of generating functions and fail to cover the general case. Moreover,
the intrinsic connections between  -analogs and classical generating functions have not been sufficiently
explored, and the application of generating functions to the enumeration of high-dimensional combinatorial
structures is still in its infancy. To address these theoretical gaps, we propose a unified model for generating
functions of generalized binomial coefficients.

We establish a framework for generating functions of generalized binomial coefficients that unifies seven
common sequences and incorporates all their generating functions into a single theoretical system, thereby
fully revealing the intrinsic relationships among different sequences. This framework simplifies the derivation
process and provides new research approaches for other combinatorial problems. Based on these findings, the
theory of generating functions can be broadly applied in multiple fields.

A = B

q
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This paper focuses on ten significant scholarly works, spanning from 17th-century classics to 21st-century
modern research in combinatorics, number theory, and special functions. Among them, Euler's Introductio in
Analysin Infinitorum [2] and Laplace's Théorie Analytique des Probabilités [8] may be regarded as the
foundational works of generating function theory. Subsequently, MacMahon's Combinatorial Analysis [3] and
Andrews's The Theory of Partitions [9] provided systematic frameworks for partition theory. Notably, Gasper
and Rahman's work on basic hypergeometric series and the   theorem proposed by Wilf et al. [10] have
achieved significant breakthroughs in q-series and mechanical proof, respectively. These publications
constitute a comprehensive body of knowledge from historical origins to cutting-edge applications, and they
support the construction of a unified theory for generating functions of generalized binomial coefficients.

3.  Research methodology

3.1. Definition of generalized binomial coefficients

The ordinary binomial coefficient   where     is a nonnegative integer, is defined as

(5)

This classical formula counts the number of ways to choose   elements from a set of    elements and is a
fundamental tool in combinatorial enumeration. When   or  , it is stipulated that

(6)

The generalized binomial coefficient extends the above index to an arbitrary real (or even complex)
number  , defined as

(7)

with the convention:   When   , 

Newton systematically studied the generalized binomial theorem between 1664 and 1667 and was the first
to propose this definition. Building upon Wallis's results in  Arithmetica Infinitorum [6], he extended the
formula from integer exponents to fractional and negative exponents, and introduced a generalized
combinatorial formula. It is worth noting that this formula was later further developed and refined by Euler
and others. While retaining the core characteristics of ordinary binomial coefficients, its scope of application
was broadened to encompass a wider range of exponents, including integers, fractions, and even negative
values.

The significance of the definition of generalized binomial coefficients lies in the fact that it breaks through
the restriction on the exponent imposed by the traditional binomial coefficient, thereby enabling us to apply
the binomial theorem in a broader range of mathematical fields. In fact, this extension does not deviate from
the core principles of combinatorics; at the same time, it also provides research tools for analysis, number
theory, and other disciplines, fully reflecting the rigor and universality of mathematical theory.

3.2. Basic properties of generalized binomial coefficients
Property 1 (Absorption Identity): For any real number   and integer  , we have
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(8)

This identity simplifies expressions involving binomial coefficients by reducing the order.
Property 2 (Addition Formula): For any real number   and integer  , we have

(9)

This reveals the recursive nature of binomial coefficients.
Using the absorption identity, we can derive:

(10)

Property 3 (Upper Index Reversal Formula): For any real number   and nonnegative integer  , we have

(11)

Convert negative binomial coefficients to positive exponent forms to simplify complex calculations such as
the negative binomial distribution.

Proof: By definition,

(12)

Multiplying   will be

(13)

but

(14)

so

(15)

The significance of this formula lies in its ability to convert negative exponents into positive ones, thereby
significantly simplifying the calculation process. Conclusion (for negative integer exponents): When 
 (where n is a positive integer), the following holds:

(16)

Establishing the correspondence between negative integer exponents and combinations provides a
theoretical foundation for deriving the generating function of constant sequences. This inference will be used
in Section 3.2 to derive its expanded form of 

This corollary is of great significance. Indeed, it establishes a direct connection between negative integer
exponents and combinatorial numbers. This relation serves as a key tool for deriving generating functions.
Based on this connection, we are able to unify the generating functions of fundamental sequences such as
constant sequences and natural number sequences within the theoretical framework of generalized binomial
coefficients; this in principle demonstrates the internal consistency of the mathematical theory when treating
various sequences in a unified manner.
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Property 4 (Vandermonde Convolution): For any real numbers   and   and nonnegative integer  , we have

(17)

The sum of the products of two binomial coefficients (used to calculate the distribution of the sum of
independent random variables and polynomial multiplication) This identity will be reproved using the
generating function method described in Section 3.3, thereby fully demonstrating the crucial role of generating
functions in proving combinatorial mathematical identities.

The Vandermon convolution identity is a fundamental equation in combinatorial mathematics with
extensive applications in probability theory, statistics, and numerical analysis. We employ the generating
function approach to prove this identity. Notably, this method not only simplifies the proof process but also
reveals the intrinsic connection between convolution operations and the product of generating functions,
thereby enhancing our understanding of the identity's essential structure and enabling its application to solve
complex summation problems in combinatorial problems that are challenging to address using traditional
methods.

3.3. Definition and basic operations of generation functions
Let   (   ) be a sequence, whose Ordinary Generating Function (OGF) is defined as follows:

(18)

We can utilize this universal generating function to compute operations on unlabeled structures (such as
combinations and permutations). Notably, due to its power-series form, it enables various algebraic operations
without requiring consideration of convergence issues in principle. It is particularly noteworthy that ordinary
generating functions hold significant theoretical importance. They provide a unified algebraic framework for
combinatorial counting problems: by encoding counting information into coefficients and performing series
operations, we can obtain results without preconstructing specific combinatorial objects. When discrete
sequences are expressed as power series, complex combinatorial proofs can be reduced to simple algebraic
operations; fundamentally, this approach avoids the direct counting challenges inherent in traditional
combinatorial methods when applied on large scales. In fact, this methodology not only significantly
simplifies problem-solving processes but also aids in revealing intrinsic connections between different
combinatorial structures.

The generating function satisfies the following basic operations:

(19)

addition:

(20)

Multiplication (Convolution):

(21)

shift:

(22)

The rule   = 0 holds similarly,

(23)
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G{an} = A(x),G{bn} = B(x).

G{an + bn} = A(x) + B(x).

G{∑n
k=0 akbn−k} = A(x)B(x).

G{an−1} = xA(x).

a−1

G{an−k} = xkA(x).
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Prefix Sum:

(24)

differentiation:

(25)

Proposition (Symbol Transformation): set  then

(26)

Evidence Summary.
Generation function for common sequences:
Constant Sequence

(27)

Natural Number Sequence

(28)

Square Sequence

(29)

Generating function of sequences 

(30)

Generating function of sequences 

(31)

3.4. Second type of stirling number

Definition. The Stirling number of the second kind, denoted by  .

The number of ways to divide   distinct elements into   non-empty subsets. The expression is:

(32)

Stipulate:

(33)

when  ,  ,

(34)

The second type of Stirling number possesses the following important properties: Property 1 (Power-law
expansion of the factorial): For any nonnegative integer  , there exists
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(35)

(Power-decaying factorial expansion method, establishing the relationship between power functions and
decreasing factorials.)

We have

(36)

 is the falling factorial.
when  .

Property 2 (generating function): For fixed  , the exponential generating function of the second-class
Stirling number is

(37)

Property 3 (recurrence relationship): The second class of Stirling numbers satisfies a recurrence
relationship.

(38)

4. The generating function of the generalized binomial coefficient
This chapter employs the generalized binomial theorem as its core tool, adhering to the principle of
mathematical unification by integrating seven seemingly independent generating functions into a unified
theoretical framework. This approach not only simplifies the derivation process but also reveals the intrinsic
connections between different sequences. The results obtained can be applied to solve various combinatorial
problems.

4.1. General binomial theorem theorem (generalized binomial theorem)
For any real number   such that  , there exists

(39)

The general form of the generalized binomial theorem enables the expansion of any complex exponential
power function. Proof: Consider the Taylor expansion of this function at a given point and compute its
derivative of order  .

(40)

(41)

(42)

Therefore, the Taylor expansion of the function   can be expressed as:
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All derivations in this article begin with the generalized binomial theorem—a fundamental mathematical
tool that underpins the entire work and provides the essential theoretical framework for subsequent analyses.
In subsequent chapters, we examine seven specific cases in detail. Each derivation follows a consistent
approach: first selecting an appropriate parameter   based on the generalized binomial theorem, then deriving
the generating function of the target sequence through algebraic transformations to simplify computations and
obtain the final result. The unified derivation method offers significant advantages: it simplifies the derivation
process of generating functions and reveals intrinsic relationships between different sequences; by selecting
varying     values, we can derive the generating functions for multiple fundamental sequences within the same
theoretical framework, fully demonstrating the conciseness and consistency of mathematical theory.

4.2. Generation function   { }  for constant sequences

(44)

The generating function of a constant sequence.
According to the generalized binomial theorem (4.1), setting   = –1 yields

(45)

Calculation Factor:

(46)

Alternative Formula (45): Thus,

(47)

The closed-form expression of the constant sequence generating function corresponds to the generalized
binomial expansion when   = −1.

Therefore

(48)

This indicates that the generating function of this constant sequence is a special case of the generalized
binomial coefficient with   = −1, corresponding to Formula (1) in Reference [1].

4.3. Generation function   { }  of natural number sequences

(49)

We have considered the extended case; when   = -2, the generating function of the natural number sequence
takes the form of a generalized binomial expansion.

(50)

Calculate the generalized binomial coefficient:

(51)

Alternative formula to Equation (50): Thus,
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The closed-form expression of the natural number sequence generation function corresponds to the
generalized binomial expansion when   

Therefore

(53)

Another method for deriving the generating function of a natural number sequence is achieved through
differential operations.

(54)

This indicates that the generating function of the natural number sequence is a special case of the
generalized binomial coefficient   = −2, corresponding to Formula (3) in reference [1].

4.4. Generation function   { }  for square number sequences

(55)

We have an identity.

(56)

The intermediate steps in deriving the generating function for square number sequences involve a
generalized binomial expansion when   = −3.

(57)

Calculate the generalized binomial coefficient:

(58)

Alternative Equation (57):

(59)

Therefore, using Equation (39), the generating function expression of this sequence can be employed to
derive the generating function of the square number sequence.

(60)

According to Equation (60), we can conclude that:
(Differential results of the sequence generation function, providing intermediate results for deriving the

square number sequence generation function)
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Combination of Equations (53) and (61):
The composite expression of the square sequence generating function is obtained by adding two generating
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binomial expansion when α = −3.

α = −2.

∑∞
n=0 nx

n = ∑∞
n=0((n + 1)xn − xn) = (1 − x)−2 − (1 − x)−1 = x

(1−x)2 .

G{n} = x

(1−x)2 .

α

G n2

an = n2.

ṅ2 = n(n − 1) + n.

α

(1 − x)−3 = ∑∞
n=0( )(−x)n

−3
n

( ) =
(−3)(−4)⋯(−n−2)

n! = (−1)n
(n+2)(n+1)

2 .
−3
n

(1 − x)−3 = ∑∞
n=0

(n+2)(n+1)

2 xn.

∑∞
n=0

(n+2)(n+1)
2 xn = 1

(1−x)3 .

∑∞
n=0 n(n − 1)xn = 2x2

(1−x)3 .

∑∞
n=0 n

2xn = ∑∞
n=0 n(n − 1)xn + ∑∞

n=0 nx
n = 2x2

(1−x)3 + x

(1−x)2 = x(1+x)

(1−x)3 .



Advances	in	Operation	Research	and	Production	Management	|	Vol.5	|	Issue	2	|	51

(63)

This corresponds to Formula (5) in reference [1]. The generating function of the square number sequence is
a special case of the generalized binomial coefficient with 

4.5. Generated function; generation function 

(64)

Where   is a fixed value.
Based on the definition of the generating function and its fundamental expansion form, the generalized

binomial theorem (4.1) can be derived by setting  .
The generalized binomial expansion form of the sequence generation function, where   ).

(65)

Calculate the generalized binomial coefficients using Inference 2.1:

(66)

Substitute into Equation (65):
An extension after substituting generalized binomial coefficients, used to derive the sequence generating

function.

(67)

Therefore, 

(68)

After this processing, we obtained Equation (9) from Reference [1]. This result holds significant practical
value in repeatable combinatorial counting.

4.6. Generated function;  

(69)

Where   is a fixed value.
According to the binomial theorem,
The initial expansion is based on the binomial theorem and derived from the sequence generating function.

(70)

This summing operation is performed on     . However, note that our goal is to obtain the generating
function for n sums over a fixed value of    ; therefore, reverse the order of summation.

Reversing the order of summation is a fundamental approach in deriving generating functions. By
rearranging the variables within a summation expression, we can transform complex double sums into more
manageable forms. This method proves particularly effective when dealing with generating functions
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involving multiple combinatorial parameters, and it essentially embodies the principle of transformation in
combinatorial mathematics.

Consider the generating function

(71)

then  ,

(72)

Therefore, the summation can start from   :

(73)

Using the generalized binomial theorem,
The closed-form expression of the sequence generation function used for proving combinatorial identities.

(74)

This is a classic conclusion. We can use the generating function method to derive the expansion of 

The expansion. According to Equation (68),

(75)

Multiplying both sides by  , we obtain

(76)

Where  . (This is the final expression for the sequence generation function, with the α value
dependent on   ).

Therefore

(77)

This corresponds to Formula (6) in reference [1]. Note that the value of    is not fixed but a parameter
dependent on  .

4.7. Generated function;  { } 

(78)

because

(79)

The initial expression of the sequence generation function based on the definition of binomial coefficients

(80)

(The closed-form expression of the sequence generation function for the special case where α = −3.)
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(81)

This is consistent with Formula (4) in Reference [1]. The result also holds for the special case where α =
−3, in which case the sequence is identical to the square sequence but with different coefficients.

4.8. The generating function of the ascending factorial series  ;   {
} 

(82)

Where   is a fixed value.
First, we can observe the transformation relation for the rising factorial:
Establish the transformation relationship between upgrading factors and the connection between upgrading

factors and generalized binomial coefficients.

(83)

The expression for the generating function of the ascending factorial series is derived using the generalized
binomial theorem.

Therefore,

(84)

Using Equation (68), we obtain:
Deriving the formula for the generating function of ascending factorial sequences based on the results of

sequence generating functions

(85)

The final expression for the generating function of the ascending factorial series corresponds to Formula
(7) in Reference [1].

Then

(86)

4.9. Summary
We have completed the derivation of the seven common sequence generation functions proposed in reference
[1] and verified that, under specific      values, all these functions can be regarded as special cases of
generalized binomial coefficient generation functions.
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Table 1. Correspondence of sequences, generating functions and values of 

Sequence Generated function The value of   
-1
-2

-3

-   -1

-

-3

-   -2

The dash in the Table 1 indicates that the generating function of the corresponding sequence cannot be
directly expressed in a special form with a fixed      . We can derive this function expression through the
relationship between generating functions and the generalized binomial theorem.

This unified perspective reveals the inherent intrinsic connections among generating functions—functions
that at first glance appear unrelated, yet each can be viewed as a concrete manifestation of the generalized
binomial theorem.

Exploring the derivation of these seven typical generating functions reveals a core principle in
mathematical practice: the gradual transition from specific sequences to an abstract general framework marks
a conceptual shift from particular cases to universal principles. This mode of thinking not only deepens our
understanding of established theories but also provides guidance for solving unfamiliar problems.

The research results of this chapter have significant theoretical importance and provide effective tools for
practical applications. By unifying the seven generating functions under the framework of the generalized
binomial theorem, we have proposed a systematic method for solving combinatorial problems in discrete
mathematics and computer science. This unified concept is of great value to mathematical research and
facilitates interdisciplinary integration.

The table shows the existence of several exceptional cases, revealing the limitations of this method.
Although the generalized binomial theorem can unify the generating functions of most common sequences,
certain sequences still require indirect synthesis methods. This limitation indicates that there remains room for
further expansion of the generating function framework. In addition, exponential generating functions have not
yet been incorporated, suggesting that there is still broad research space in the field of generating functions;
future research could further extend the scope of application of the generalized binomial theorem. Moreover,
exploring the interrelationships among various types of generating functions remains an important research
direction.

5. Application examples
In this chapter, we primarily employ the generating function method to investigate summation identities, fully
demonstrating the practical application value of this approach. These identities encompass rising factorials,
power functions, and Stirling numbers of the second kind. The proof process reveals the key role of generating
functions in simplifying complex combinatorial summation problems; this method provides an efficient
approach for handling such computations while avoiding cumbersome direct calculation procedures.
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5.1. Proof

1) 

2) 

3) 

   ,   is Stirling numbers of the second kind.

Prove
From the beginning 
The generating function of this sequence   is

(87)

(88)

Let 
The generating function of this sequence   can be derived from the properties of generating functions.

(89)

By comparing the coefficients of   on both sides of the equation, we obtain

(90)

Obtained.
We investigated the generating function approach. This method offers significant advantages when dealing

with identities involving Sterling numbers: by transforming combinatorial identities into algebraic operations
on generating functions, it not only avoids complex combinatorial proofs but also makes arguments more
concise and intuitive; furthermore, in principle, this approach can be extended to proving other identities
involving special combinatorial numbers.
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(95)

First, we prove this using mathematical induction:

(96)

When 

(97)

Let 

(98)

holds true
When 

(99)

By applying the principle of mathematical induction, we can prove (96), thereby verifying the proposition.
We combine mathematical induction with the generating function method to prove complex identities.

First, we use induction to derive several intermediate conclusions, and then substitute these results into the
generating function expressions, ultimately obtaining the desired identity. This approach fully leverages the
advantages of both techniques and circumvents the limitations of using either method alone; in principle, its
proof process is more efficient and helps to solve problems that are difficult to handle with a single method. In
fact, this fully demonstrates the flexibility of mathematical proof methods.

Substituting Equation (96) into Equation (93) yields:

(100)

We prove Equation (100) by mathematical induction as follows. When 
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(103)

Let 
like that

(104)

By comparing the coefficients of   on both sides, we conclude that

(105)

When  , we obtain the formula for the sum of natural number powers:

(106)

This proof demonstrates how differential operations can be applied to generating functions in identity
proofs. Notably, when deriving a generating function, we can establish a relationship between the sequence
and its derivative, thereby obtaining new identities—indicating that multiple conclusions can be derived from
a single starting point. Furthermore, this approach serves as a valuable reference for solving combinatorial
problems involving derivatives.
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This conclusion can also be easily proven by mathematical induction:
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(113)

{ = i{ ,{ { = 1,{ = 0.}
t + 1
i

} +{
t

i
}

t

i − 1
} =
t

t
}

t + 1
t + 1

}
t + 1

0

bn = ∑n
j=1 j

t(j + 1) ⋯ (j + k).

B(x) = At(x)
1−x

= ∑t
i=1{ xi (k+1)!

(1−x)k+i+2 = ∑t
i=1{ xi (k+1)!

(1−x)k+i+2 ∑
∞
m=0( )xm.}

t
i

}
t
i

k + 1 + i + m
m

xn

bn = ∑n
j=1 j

t(j + 1) ⋯ (j + k) = ∑t
i=1{ (k + i)!( ).}

t
i

n + k + 1
n − i

k = 0

1t + 2t + ⋯ + nt = ∑t
i=1{ i!( ).}

t

i

n + 1
n − i

∑t
i=1{

(kn+in+i−1)(k+i−1)!

n−i+1 ( ), t = 1, 2, ⋯}
t
i

n + k + 1
n − i

At(x) = G{ = ∑∞
j=0 j(j + 1)t ⋯ (j + k)xj.j(j + 1)t ⋯ (j + k)}

At(x) = At−1(x) + A
(1)
t−1(x).

At(x) = ∑t
i=1{ A

(i−1)
1 (x)xi−1.}

t
i

A
(i)
1 (x) =

(k+i)!

(1−x)k+i+2 ((k + 1)x + i).

At(x) = ∑t
i=1{

(k+i−1)!((k+1)x+i−1)

(1−x)k+i+1 xi−1.}
t

i

bn = ∑n
j=1 j(j + 1)t ⋯ (j + k).

{bn}

B(x) = ∑∞
n=0 bnx

n = At(x)
1−x

= ∑t
i=1{

(k+i−1)!((k+1)x+i−1)

(1−x)k+i+2 xi−1}
t
i



58	|	Advances	in	Operation	Research	and	Production	Management	|	Vol.5	|	Issue	2

By comparing the coefficients of   on both sides, we conclude that

(114)

When  ,

(115)

When  ,

(116)

This proof demonstrates the significant advantages of the generating function approach in proving
identities. Specifically, we only need to compare the coefficient terms on both sides of the generating function
to derive combinatorial identities, eliminating the need for cumbersome inductive steps—a substantial time-
saving advantage when dealing with complex problems. This method is particularly well-suited for proving
complex identities involving multiple parameters, fully highlighting the powerful applicability of generating
function theory.

5.2. Methodological review
The proofs of the above three identities fully demonstrate the powerful applicability of the generating function
method:

The generating function method is capable of solving various summation problems in a unified manner.
Three seemingly different summation problems can all be handled by the same method, thereby avoiding the
need to devise distinct solutions for each case. For instance, we can utilize the properties of generating
functions to solve the problem of summing cubes of sequences, and ensure consistency of results across
different summation scenarios.

The method is remarkably concise: once the generating function is obtained, coefficient extraction can be
accomplished through algebraic manipulations, without the need for complex inductive reasoning. For
summation problems involving various types of sequences, such as sums of cubes, the standard generating
function approach offers significant advantages; results can be obtained by algebraic operations such as
rearrangement of summations. For summation problems related to binomial coefficients, the coefficients can
be computed directly via algebraic operations such as differentiation of functions, completely avoiding
intricate inductive reasoning.

Based on the corresponding generating functions, the method can be extended to a wider range of multiple
summation forms. The generating function method exhibits excellent scalability: it can handle not only simple
single summations but also more complex cases involving multiple and nested summations. This flexibility
makes generating functions a versatile tool in combinatorics for solving various summation problems and
analyzing high-dimensional combinatorial structures.

Unlike mathematical induction, which requires prior knowledge of the final result, the generating function
method completely dispenses with this prerequisite. Compared with combinatorial interpretation methods, this
approach possesses a more algebraic character and a more rigorous systematic structure. Admittedly, the initial
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stage—that is, determining the appropriate generating function for a given counting problem—may be
technically challenging; however, once this methodology is established, the subsequent derivation process
becomes quite straightforward.

A comparison of different proof methods reveals that the generating function method is particularly
suitable for problems involving explicit algebraic forms, whereas mathematical induction and combinatorial
interpretation methods are more appropriate for cultivating intuitive understanding and constructing direct
proofs. In actual research, the choice of method should be made according to the characteristics of the problem
at hand; alternatively, multiple methods may be combined to gain deeper insights.

5.3. Proofs using the generating function method

1)   

2) 

3) 

4)     
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j = jr( ).

j

k

F (r)(x) = ∑∞
j=k j

r( )xj.
j

k

F (0)(x) = xk

(1−x)k+1 .

Notethatthepowerofjcanbeobtainedthroughdifferentialoperatorsx d
dx

j ⋅ aj ⋅ xj = x d
dx

(aj ⋅ xj).
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So

(136)

Set

(137)

Calculated 

(138)

Continue calculating 

(139)

It is only   related to   and does not depend on  .
For 2), by

(140)

Differentiate:

(141)

Summing over   on both sides yields:

(142)

(143)

Set

(144)

Its generating function

(145)

Because

(146)

(147)

is the generation function of partial sum sequence
Thus:

(148)

And:

(149)

F (r)(x) = (x d
dx

)rF (0)(x).

G(x) = xk

(1−x)k+1 .

(x d
dx

)G(x)

(x d
dx

)G(x) = kG(x) + (k + 1) xk+1

(1−x)k+2 .

(x d
dx

)2G(x), theresultmayappearas :

F (r)(x) = ∑r
t=0 cr,k,t

xk+t

(1−x)k+t+1 .

cr,k,t r, k, t n

F (0)(x) = xk

(1−x)k+1
.

F (1)(x) = x d
dx ( xk

(1−x)k+1 ) = k xk

(1−x)k+1 + (k + 1) xk+1

(1−x)k+2 .

n

xk

(1−x)k+1 = ∑∞
j=k( )xj.

j

k

xk+1

(1−x)k+2 = ∑∞
j=k+1( )xj.

j
k + 1

H
(1)
n = ∑n

j=k j( ).
j

k

∑∞
n=kH

(1)
n xn =

F (1)(x)

1−x
.

F (1)(x) = ∑∞
j=k j( )xj.

j
k

1
1−x

∑∞
j=k ajx

j = ∑∞
n=k(∑n

j=k aj)x
n.

∑∞
n=kH

(1)
n xn = 1

1−x [k xk

(1−x)k+1 + (k + 1) xk+1

(1−x)k+2 ] = k xk

(1−x)k+2 + (k + 1) xk+1

(1−x)k+3 .

k xk

(1−x)k+2
= k ⋅ ∑∞

n=k
( )xn.
n + 1
k + 1
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The first term applies when  , while the second term applies when  . Notably, to standardize
notation, both terms can be defined starting at  .

When  ,  , so it can be written as:

(150)

So

(151)

Reuse the combined identity

(152)

Substitution and organization:

(153)

Therefore, 2) is confirmed.
3) For the   continued calculating  , we obtain

(154)

The generating function of the partial sums is

(155)

It can be expressed as:

(156)

3) holds true
4) 
Have

(157)

 is determined by

(158)

And

(159)

This is the generating function of the corresponding derivative  .

Therefore, point 4 can be proven.
Thus, the generating function method systematically provides these identities and enables the derivation of

results for powers of arbitrary order. If necessary, the recursive process for   when   = 2, 3, or 4 can be

n ≥ k n ≥ k + 1

n = k

n = k ( ) = 0
k + 1
k + 2

∑∞
n=k[k( ) + (k + 1)( )]xn.

n + 1
k + 1

n + 1
k + 2

H
(1)
n = k( ) + (k + 1)( ).

n + 1
k + 1

n + 1
k + 2

( ) + ( ) = ( ).
n + 1
k + 1

n + 1
k + 2

n + 2
k + 2

H
(1)
n = k( ) + (k + 1)[( ) − ( )] = (k + 1)( ) − ( ) = ( ) + k( ).

n + 1
k + 1

n + 2
k + 2

n + 1
k + 1

n + 2
k + 2

n + 1
k + 1

n + 1
k + 2

n + 2
k + 2

r = 2 (x d
dx )2G(x)

F (2)(x) = xk

(1−x)k+1
+ (3k + 1) xk+1

(1−x)k+2
+ k2 xk+2

(1−x)k+3
.

H
(2)
n = ∑n

j=k j
2( ) F (2)(x)

1−x
.

j

k

∑∞
n=k[( ) + (3k + 1)( ) + k2( )]xn.

n + 1
k + 1

n + 2
k + 2

n + 3
k + 3

Generally, forr = 0, 1, 2, ⋯

∑n
j=k j

r( ) = ∑r
t=0 Ar,k(t)( ).

j
k

n + 1
k + t + 1

Ar,k(t)

F (r)(x) = (x d
dx

)r xk

(1−x)k+1 = ∑r
t=0 Ar,k(t) xk+t

(1−x)k+t+1 .

1
1−x

⋅ xk+t

(1−x)k+t+1
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n + 1

k + t + 1

Ar,k(t) r
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elaborated in detail; however, this is not repeated here.

6. Conclusion
This paper has obtained several research results concerning generating functions of generalized binomial
coefficients. However, numerous issues remain in the current study, and the relevant theory requires
continuous research to be further refined.

Insufficient depth in historical background exposition: The discussion of historical background in the
introduction is not sufficiently thorough. Although we have outlined the development of generating functions
and the binomial theorem, the treatment of partition theory remains inadequate. In addition, the discussion of
key scholars and foundational literature is lacking, and more original manuscripts are needed to present a
complete academic genealogy. For instance, Euler's reasoning process in deriving the pentagonal number
theorem in 1748 [2] is not elaborated in detail; moreover, Newton's research methodology presented in his
work  Arithmetica Universalis  in 1665 should be addressed to help readers understand the historical
development. These technical details do not affect the core conclusions of this paper. Nevertheless, they are
conducive to a deeper understanding of the evolution of mathematical thought from the 18th century to the
modern era, and help us gain a more comprehensive grasp of the development of number theory.

Room for improvement in formula derivations: Several intermediate steps have been omitted in the
derivation of sequence generating functions. Specifically, in deriving the generating function of harmonic
numbers, the text directly invokes the upper-index reversal formula for generalized binomial coefficients
without explaining the connection between this formula and the recurrence relation of harmonic numbers,
resulting in a loss of logical coherence.Although this approach indeed simplifies the exposition, it
compromises the clarity and verifiability of the derivation process. This indicates that an ideal balance has not
yet been achieved between conciseness and the traceability of reasoning.

Incomprehensive references: Although classical works on generating functions, binomial coefficients,
combinatorics, and related fields have been covered, recent research results from the past decade are missing.
For example, while we have cited Gasper and Rahman's work on q-binomial coefficients [5], more recent
developments in this area have not been addressed. In addition, although the automated proof via the WZ
method proposed by Zeilberger and colleagues [10] has been mentioned, it has not been fully integrated into
our analytical framework.

Based on the research foundation and limitations analyzed in this paper, future research may be pursued in
the following four directions:

Extension to q-analog theory: We aim to extend the generalized binomial coefficient framework to the q-
analog domain. Building upon the q-series theory of Gasper and Rahman [5], we intend to construct
generating functions for q-generalized binomial coefficients, with a particular focus on their applications in
partition theory—especially enumeration problems related to plane partitions—which may facilitate a deeper
understanding of their structural characteristics. It is worth noting that q-binomial coefficients (Gaussian
binomial coefficients) can be regarded as a natural extension of this theory, with their generating function
expressed as

(160)

Expression of the generating function for    -binomial coefficients in the generalized research of   -analog
theory

∏n−1
i=0 (1 + q ix) = ∑n

m=0 q
( m

2
)( )qxm.
n

m

q q
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(161)

This is the   -binomial coefficient  , Represents the   -th power of
a shift.

In fact, this research direction can establish close connections with quantum group representation theory
and statistical mechanics models. We employ    -analog techniques to derive sophisticated mathematical
identities. Notably, this approach can, in principle, significantly deepen the theoretical depth of the research,
and is expected to provide stronger support for understanding the underlying mathematical structures and their
applications in various related fields and theoretical frameworks—all of which may constitute important
directions for subsequent research.

Theoretical Integration of Division Numbers: The Generation Function of Division Numbers

(162)

Where   is a factor of the positive integer  .
(Division number generating function for theoretical integral studies)
It can be regarded as a generalized binomial coefficient expansion with exponential variation, whereas the

generating function for plane splitting (i.e., the MacMahon formula) is...

(163)

In fact, this study reveals similar structural characteristics. We recommend employing our proposed
multiple summation method to compute the splitting statistics and investigate the generating functions of
restricted splitting and colored splitting; additionally, we derive analytical expressions for parameters such as
rank statistics and parity statistics, thereby further strengthening the connection between splitting theory and
generalized binomial coefficients.

New algorithms and mechanical proof methods: We derived two types of identities that can be applied to
algorithm optimization. Notably, their computational complexity can be reduced from   to  ,
overcoming the limitations of traditional recursive methods; the results also serve as a reference for q-class
comparison studies. Furthermore, we introduced the Wilf-Zeilberger (WZ) method [7], which facilitates
mechanized proofs of these identities; by combining this method with the generating function approach, we
developed a combinatorial proof algorithm that enhances computational efficiency and improves the reliability
of deriving complex identities.

Multiple Summing and High-Dimensional Generalization: The existing generating function approach is
applicable only to univariate cases. Notably, it must be extended to the domains of multivariate summation and
high-dimensional array studies. By leveraging recent advances in multivariate generating function theory and
complex variable theory, we can develop a comprehensive framework for proving high-dimensional identities
to investigate counting patterns within multidimensional combinatorial structures.
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